Investigation of micromixing by acoustically oscillated sharp-edges I. INTRODUCTION
The ability to achieve rapid and homogeneous mixing at microscales is essential for various lab-on-a-chip applications such as biomedical diagnostics, chemical kinetic studies, enzyme reactions, and drug delivery. [1] [2] [3] Due to the inherent length scales, microfluidic flow is usually laminar such that the mixing phenomenon is governed by the slow diffusion process, making rapid and efficient mixing challenging. [4] [5] [6] [7] [8] To overcome this limitation, a number of passive and active microfluidic mixers have been reported, as reviewed in Refs. 9 and 10.
Recently, acoustic-based micromixers have garnered significant interest owing to their noninvasive nature. [11] [12] [13] [14] [15] [16] The earlier acoustic-based mixers relied upon acoustic waves propagating in the fluid media to cause pressure fluctuations and perturb the laminar flow to achieve mixing. [17] [18] [19] [20] [21] [22] Later, to enhance the mixing performance of acoustic-based mixers, bubble-based mixers were reported which perturbed the laminar flow via the generation of acoustically induced microvortices. [23] [24] [25] However, bubble-based micromixers suffer from a number of a) Email: junhuang@psu.edu b)
Email: costanzo@engr.psu.edu limitations concerning the bubble instability, heat generation, and difficult bubble trapping process. 26 To overcome these limitations, we recently reported an oscillating sharp-edge-based micromixer 26 using acoustically generated microvortices similar to the bubble-based micromixers, but with the added advantage of convenient and stable operation. We also reported a numerical study 27 of the acoustic streaming patterns around the oscillating sharp-edges to gain insights into the flow patterns inside a sharp-edge-based micromixer. In the previous study, 27 we considered a periodic cell of the sharp-edge-based micromixer and investigated the flow patterns to predict the effect of various geometrical and operational parameters on the performance of the sharp-edge-based micromixer. Another numerical study of the flow patterns around a single sharp-edge and their scaling has been reported recently by Ovchinnikov et al. 28 More recently, the sharp-edge-based mixing platform has been utilized for other biomedical applications such as a chemical gradient generator, 29 and liquefaction of high viscosity samples such as human sputum. 30 While promising applications of the sharp-edge platform have been demonstrated experimentally including particle trapping by acoustic radiation forces, 31 the numerical studies reported so far have focused only on the investigation of the flow field around the sharp-edges in the absence of a background flow, without any modeling of the mixing phenomena. This is a major limitation since both a background flow as well as mixing phenomena are essential for most of the relevant practical applications of the sharpedge-based devices. Therefore, an improved numerical model considering a background flow as well as the explicit modeling of the convection-diffusion process is required to provide a deeper understanding of the mixing phenomena inside a sharp-edge-based micromixer. Such a numerical model can be highly useful to realize the full potential of the sharp-edge-based mixing platform by serving as a design tool as well as helping to explore further potential applications.
In this work, we address three major limitations of the existing numerical models: (i) First, while the reported studies so far have aimed at understanding the flow field around sharp-edges, in the current model, we include the modeling of the convection-diffusion equation with the appropriate velocity field based on the Generalized Lagrangian Mean (GLM) theory. 32 This allows us to investigate the mixing profiles inside a sharp-edge-based micromixer which, to the best of our knowledge, has never been explored previously. Specifically, we consider the perturbation approach for the flow variables including the zeroth-order terms to obtain the zeroth-, first-, and second-order equations, which are then successively solved. Using the solution from the zeroth-order and the second-order problem, we identify the appropriate flow velocity based on the GLM theory 32 that governs the mixing phenomenon inside the sharp-edge-based micromixer, which is further utilized to obtain the concentration profile inside the micromixer. (ii) Second, we allow for a non-zero background laminar flow to consider a more realistic case of the interaction of acoustic waves with a moving laminar flow, rather than the stationary flow considered in the previously reported numerical studies. 27, 28 As mentioned previously, the appropriate modeling of the background flow is essential to study the aforementioned practical applications of a sharp-edge-based micromixer such as sputum liquefaction 30 and chemical gradient generation. 29 To the best of our knowledge, the interaction of a background flow with the acoustic streaming flow has never been investigated previously for a sharp-edge based device. The background flow contributes to the mixing phenomenon via the inclusion of the zeroth-order terms in the formulation, which have not been considered in the numerical studies reported so far. 27, 28 Thus, the governing equations solved in the current work differ significantly from the previously reported numerical studies on the sharp-edge based devices. (iii) Lastly, none of the previously reported work on sharp-edge based devices have considered the full fluidic domain. Specifically, the sharp-edge based devices have been either modeled as an infinite domain 28 or as a periodic domain. 27 In this work, we consider the full device as our computational domain, thereby precluding the need for periodic boundary conditions or perfectly matched layers. Thus, our model allows for the consideration of a finite number of sharp-edges in the micromixer, which is essential to investigate the mixing by successive pairs of sharp-edges.
In this work, we first establish the numerical convergence of our model followed by a comparison of our numerical results with the experimentally measured values of mixing index. Further, we employ our numerical model to study the effect of operational parameters such as the background flow velocity and the applied power. We also investigate other geometrical designs of the sharp-edge-based micromixer and compare their mixing performance with the typical design employed in experiments to suggest potential design improvements to the sharpedge-based micromixer. Finally, we investigate the generation of a concentration gradient inside the microchannel by arranging the sharp-edge structures in a ladder-like fashion inside the microchannel. We believe that our current numerical model offers significant improvement over the existing numerical models and therefore can be highly useful as a design tool that can help in optimizing the performance of various acoustofluidic mixing devices as well as exploring further applications to realize the full potential of the sharp-edge-based mixing platform. Figure 1(a) shows the schematic of a typical sharp-edge-based micromixer, as employed in our experimental studies. 26 The micromixer consists of a single-layer PDMS (poly-dimethylsiloxane) channel with eight sharp-edges on its sidewalls, four on each side. The channel was fabricated using standard soft lithography and bonded onto a glass slide along with a piezoelectric transducer (model no. 273-073, RadioShack V R ). The actuation of the piezoelectric transducer causes the sharp-edges to oscillate, thereby generating a pair of counter-rotating vortices in the fluid around the tip of each sharp-edge. The length, the width, and the height of the microchannel were 1 cm, 600 lm, and 50 lm, respectively, while sharp-edges were designed to be 200 lm long with a tip angle of 15 . As typically done in microfluidic studies to visualize and characterize the flow inside the channel, a solution containing 1.9 lm diameter dragon green fluorescent beads (Bangs Laboratories, Inc.
II. EXPERIMENTAL PROCEDURE
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) was introduced into the channel. The mixing performance was characterized using DI water and fluorescent dye (fluorescein) which were injected into the channel through the two separate inlets. A full experimental characterization of the sharp-edge-based micromixer, including the effect of geometrical and operational parameters as well as the mixing performance (mixing time, mixing length, etc.) can be found in Refs. 26 and 30. 
and
where q is the mass density, v is the fluid velocity, p is the fluid pressure, and l and l b are the dynamic shear viscosity and bulk viscosity, respectively. To describe the fluid motion, these equations need to be complemented by a constitutive relation linking the pressure and density. We assume a linear relation between p and q 35-37
where c 0 is the speed of sound in the fluid at rest. Eqs. (1)- (3), combined with the appropriate boundary conditions, fully determine the motion of the fluid inside the micromixer. The balance law governing the concentration profile, usually referred as convection-diffusion equation, is
where c is the concentration and D is the diffusion coefficient. However, owing to the widely separated length scales (characteristic dimensions of the device vs. wavelength), 39 a direct solution of these equations is both numerically challenging as well as expensive. For example, a typical dimension of a sharp-edge-based micromixer is in the range of 100-1000 lm, while the characteristic wavelength is of the order of 1-10 m. Due to the dissipative nature of the fluid, the response of a fluid to a harmonic forcing is not, in general, harmonic. 27 In the study of acoustic streaming, it is customary to divide the response of fluid to a harmonic actuation into two components: (i) a harmonic component with period equal to the forcing period and (ii) a time-averaged second-order component, where the latter is generally referred to as the acoustic streaming. 37 Following our recent model, 27 we employ Nyborg's perturbation technique 40 in which fluid velocity, density, and pressure are considered to have the following form:
where e is a non-dimensional smallness parameter. 41 Here, the smallness parameter, e, can be chosen as the ratio of the amplitude of the first-order velocity to the speed of sound in the fluid at rest. 42 Usually, the zeroth-order velocity field v 0 is assumed to be zero, thereby precluding the presence of a background flow. 36 However, in case of the sharp-edge-based micromixer, there is an additional background flow imposed, which needs to be considered to study the response of a moving flow to acoustic actuation. Noting this, letting
followed by the substitution of Eq. (5) into Eqs. (1) and (2), and subsequent separation of terms of order zero in e results in the following set of zeroth-order equations:
Repeating the same procedure for the terms of order one in e results in the following first-order equations governing the first-order acoustic response of the fluid:
Again repeating the procedure for the terms of order two in e followed by a time-averaging operation over a period of oscillation yields the following set of equations governing the timeaveraged second-order response of the fluid:
where hAi denotes the time average of the quantity A over a full oscillation time period. In a general case, as pointed out by Stuart, 43 inertial terms in Eq. (12) can be significant and must be retained in the formulation. Similarly, to fully account for the effects of viscous attenuation of the acoustic wave, both within and outside the boundary layer, we retain the last term in Eq. (12) associated with the bulk viscosity. The various notions of mean trajectories and the rationale of identifying the appropriate velocity field to be used in Eq. (4) will be discussed in Sec. IV C.
IV. NUMERICAL MODELING
A. Model system and computational domain
As described in Sec. II, the sharp-edge-based micromixer used in our experiments consists of a single-layer PDMS microchannel with eight sharp-edges, bonded onto a glass slide. The glass slide is actuated via a piezoelectric transducer to acoustically oscillate the sharp-edges. The full physical system is governed by the coupling of elastic, piezoelectric, and transport (convection and diffusion) effects, which makes numerical modeling of the full system challenging as well as expensive. Thus, in this work, we simplify the system considerably by investigating only the hydrodynamic effects inside the microchannel. This approach has been previously shown to yield good qualitative agreement with the experimental observations. 27 Figure 1(b) shows the computational domain considered in this work along with the various boundary indicators identifying the specific regions of the boundary. The dimensions of the computational domain have been considered in accordance with the dimensions used in a typical sharp-edgebased micromixer. 26 The region before and after the sharp-edges is chosen to be long enough to mitigate the effect of the acoustic streaming flow on the inlet concentration profile. The values of the relevant constitutive and operational parameters are listed in Table I . The boundary conditions employed at various boundaries will be discussed in Section IV B.
B. Boundary conditions
As noted in Sec. IV A, a precise modeling of the sharp-edge-based micromixer requires the solution of a 3D problem considering the elastic, piezoelectric, and hydrodynamic effects. However, the purpose of this work is to investigate the mixing phenomenon inside the sharpedge-based micromixer. Thus, we considerably simplify the problem at hand by solving a 2D problem with appropriate boundary conditions, obtained from experimental measurements.
For the zeroth-order problem, a non-zero inlet velocity is provided at inlet boundaries, C i1 and
At the outlet boundary, C o , we employ the zero traction or the so-called "do-nothing" boundary condition, while a zero velocity is assigned to the sidewalls including the sharp-edges,
For the first-order boundary conditions, we employ the "do-nothing" (or traction free) boundary condition at both the inlet, C i1 and C i2 , as well as outlet boundary, C o . For the first-order problem, we experimentally measure the vibration amplitude of the sharp-edges at various locations along the sharp-edge (see the supplementary material). 49 The quadratic fit to the experimental data yields the following equation for the sharp-edge displacement:
where u Exp is the experimentally observed sharp-edge displacement and d 0 is the displacement coefficient. For the set of the experimental data measured, we obtained d 0 ¼ 1 lm. For the second-order problem, a "do-nothing" boundary condition was employed at both the inlet, C i1 and C i2 , as well as outlet boundary, C o , while the sidewalls (including the sharpedges), C d , were assigned a zero velocity boundary condition, similar to those used by Muller et al. 
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For the convection-diffusion equation, we prescribe a concentration value at the inlet boundaries C i1 and C i2 , respectively,
The sidewalls (including the sharp-edges), C d , were assigned a no-flux boundary condition
while the outlet was assigned an outlet boundary condition
where the appropriate velocity to be used for these boundary conditions will be identified in Section IV C.
C. Particle and mean flow trajectories
As discussed in our previous work, 27 it is customary to use the trajectories of small polystyrene beads to visualize flow in microfluidic devices. The motion of the polystyrene beads is governed by the combination of acoustic streaming induced hydrodynamic drag as well as the acoustic radiation force. Thus, we implement a tracking strategy based on the determination of both the hydrodynamic drag as well as the radiation force acting on a bead of radius a, mass density q p , and compressibility j p under the influence of an acoustic wave in the flow. The bead is modeled as a wave scatterer, 51 and the radiation force is then found to be
where j 0 ¼ 1=ðq 0 c 2 0 Þ is the compressibility of the fluid, ReðAÞ denotes the real part of quantity A, the asterisk denotes the complex conjugate of the quantity, and the coefficients f 1 and f 2 are given by
with
where the symbol "i" denotes the imaginary unit and d is the thickness of the viscous boundary layer. In addition to the radiation force, a bead of radius a also experiences an acoustic streaming induced Stokes' drag force,
Thus, the motion of the bead can be predicted via the application of Newton's second law
where m p and a p are the mass and acceleration of the bead, respectively. In many acoustofluidics problems, the inertia of the bead can be neglected. 52 
To identify the appropriate velocity field governing the mixing inside the sharp-edge-based micromixer, we adopt the GLM theory described by B€ uhler. 32 This theory is predicated on the notion that the material particles of the fluid in an acoustic field are subjected to a drift effect, generally referred as Stokes' drift 53 and thus their mean trajectories are described by a velocity field different than the streaming velocity field. For a steady flow, the mean particle paths can be described via the streamlines of the mean Lagrangian velocity, given by
where the field n 1 ðx; tÞ is the first-order approximation of the lift field nðx; tÞ. Here, nðx; tÞ is defined as the difference of the true and the mean position of the fluid particle, such that x þ n represents the true position at time t of a particle with mean position at x (also at time t). By asymptotic expansion, n 1 is such that
The above equation implies that, once the first-order problem velocity solution is computed, n 1 can be calculated via an elementary time integration. Thus, the steady particle motion, and hence the mixing phenomena inside the sharp-edge-based micromixer, is governed by the combination of the steady background flow velocity, v 0 and the mean Lagrangian velocity (which includes both the second-order velocity as well as the Stokes' drift). Noting this, we have replaced the field v in Eqs. (4), (19) , and (20) with the field
D. Numerical scheme
We assume a steady background flow profile and hence seek steady solution for the zerothorder problem. For the first-order problem, we seek solutions of the following form:
vðr; tÞ ¼ vðrÞ expðÀixtÞ; (29a) pðr; tÞ ¼ pðrÞ expðÀixtÞ;
where vðrÞ is a vector-valued function of space while pðrÞ is a scalar function of space. For the second-order problem and the convection-diffusion equation, we seek steady solutions. Combining information from the zeroth-, first-, and second-order solutions, it is then possible to estimate the velocity field governing the mixing inside the micromixer, as described in Section IV C. This velocity field is then used to solve for the steady-state concentration profile inside the micromixer. All the solutions presented in this work are for two-dimensional problems. The numerical solution was obtained via the finite element software COMSOL Multiphysics 5.0 54 using the Weak PDE interface. The zeroth-, first-, and second-order flow problems were each modeled using two different instances of this interface, resulting in six instances of the Weak PDE interfaces. The convection-diffusion equation was modeled using another instance of this interface, resulting in a total of seven instances of the Weak PDE interface to model the entire problem. For the zeroth-, first-, and second-order problems we used P2-P1 elements for velocity and pressure, respectively, while we used P2 elements for the concentration, where P1 and P2 denote triangular elements supporting Lagrange polynomials of order one and two, respectively.
V. RESULTS
A. Mesh convergence analysis
To mitigate the singularity at the sharp-edge tip concerning the second-order velocity, 27 we assign the sharp-edge tips a slight curvature of radius 2 lm. To represent this curvature properly in the mesh, we refine the mesh heavily around the sharp-edge tips by employing the edge refinement feature in COMSOL Multiphysics 5.0. 54 Since it is important to resolve the viscous boundary layers near the walls to capture the physics inside the boundary layers, we employ a computational mesh with a smaller value of maximum element size near the boundary, d b compared to the maximum element size in the bulk, d bulk . Fig. 2(a) shows an illustrative computational mesh where the maximum element size in the bulk, d bulk , is set to be 100 lm, with the maximum element size near the walls is chosen as d b ¼ 50 lm.
To perform a mesh convergence analysis, we study the behavior of the unknown variables over a series of meshes obtained by setting d bulk ¼ 10 lm while progressively decreasing the value of d b . Similar to the mesh convergence study reported in Refs. 36 and 50, we define a relative convergence function C(g) for a solution g with respect to a reference solution g ref obtained on the finest mesh as
where we use a reference solution g obtained for d=d b ¼ 17 with approximately 6 Â 10 5 elements. Fig. 2(b) shows the results of the mesh convergence analysis, where the variables can be seen to achieve reasonable convergence (CðgÞ < 0:001), as the value of d=d b reaches 10. Noting the observations from the mesh convergence analysis, all the results presented in this work are obtained with a mesh with d b ¼ d=10 or lower. 
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B. Comparison with experiments
Having performed a mesh convergence analysis, we compare our numerical predictions against the experimentally observed trajectories of 1.9 lm diameter fluorescent beads. Fig. 3(a) shows the experimentally observed trajectories of 1.9 lm diameter fluorescent beads along a section of the channel in the absence of acoustic actuation. The trajectories exhibit an expected laminar flow profile, similar to the one predicted from the numerical results shown in Fig. 3(b) . Upon acoustic actuation, an acoustic streaming flow is generated which, on interaction with the background flow, results in the typical flow profile shown in Fig. 3(c) . As reported in our previous study, 27 in the absence of a background flow, the acoustic streaming flow patterns are symmetric along the center of the channel and exhibit no net flow. However, the presence of a sufficiently strong background flow combines with the acoustic streaming patterns and drives the net flow from left to right. Fig. 3(d) shows the numerical prediction of the net flow field showing a good qualitative match with the experimentally observed trajectories. It must be noted that both the experimental as well as the numerical results show the presence of flow trajectories that move from a particular sharp edge towards the sharp edge on the opposite sidewall, indicating good mixing capabilities. Next, the numerically obtained flow profile was employed to obtain the appropriate velocity field governing the mixing phenomena given by Eq. (28) and solve the convection-diffusion equation, Eq. (4). Figs. 4(a) and 4(b) show a comparison of the experimentally observed normalized concentration profile and the numerically predicted concentration profile along a section of the microfluidic channel. To quantitatively characterize the mixing performance of the sharp-edge-based micromixer, we calculate the mixing index. Experimentally, the mixing index can be calculated as the standard deviation of the normalized gray-scale values which can be extracted from the experimental images. 26 A mixing index value of 0.5 indicates completely unmixed fluids, while a zero value of mixing index indicates perfect mixing. Fig. 4(c) 
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Nama et al. Biomicrofluidics 10, 024124 (2016) changes in gray-scale values, it is customary to consider a mixing index value of 0.1 or lower as sufficiently mixed fluids. 23, 26 As can be seen from Fig. 4(c) , the simulation results are in good agreement with the experimental observation of sufficiently good mixing after the first pair of sharp-edges for both the flow rates considered. The minor discrepancies in the numerically predicted values and the experimentally calculated values of mixing index for the flow rate of 2ll=min can be attributed to the aforementioned difficulties associated with resolving small changes in gray-scale values in the experiments. An experimental video showing the perfect mixing for the flow rate of 2ll=min can be found in the supplementary material. 49 
C. Effect of power
Next, we investigate the effect of applied power or the displacement amplitude on the mixing performance of the sharp-edge-based micromixer. In the absence of a background flow, the streaming velocity scales quadratically with the applied displacement amplitude. 27, [55] [56] [57] Also, for small values of the applied power, the amplitude of the acoustic wave is proportional to the square-root of the signal power. Thus, in the absence of a background flow, the streaming velocity is found to be linearly dependent on the applied power. However, in the presence of the background flow, the velocity v C governing the mixing inside the micromixer is also a function of the background flow velocity, v 0 . velocity v 0 and no appreciable mixing is observed. However, with increasing values of the applied power, the mean Lagrangian velocity, v L , becomes comparable to v 0 and hence is able to effectively perturb the background flow, resulting in significant mixing, albeit at larger mixing lengths. At even higher values of power, v C is completely dominated by v L and complete mixing is observed even after the first pair of sharp-edges. Fig. 5(e) shows the corresponding plot of normalized concentration along the channel width at y ¼ 4200 lm for these cases. It can be seen that while d 0 ¼ 0:4 lm results in incomplete mixing, the case with d 0 ¼ 0:6 lm results in reasonable mixing after four sharp edges, and further increase in the value of d 0 results in almost perfect mixing. The optimum applied power for a particular application depends on the desired throughput (i.e., the background flow rate) and the desired mixing length. For a constant mixing length, it is possible to achieve higher throughputs by applying higher input power. Conversely, for a constant desired throughput, the mixing length can be shortened by increasing the applied input power.
D. Effect of background flow velocity
Next, we investigate the effect of the background flow velocity, v 0 , on the mixing performance of the micromixer. The effect of background flow velocity on the mixing performance is non-trivial, since the background flow is not a direct superposition over the streaming flow. As can be seen from the governing equations in Sec. III, both the first-and second-order equations contain zeroth-order terms. Therefore, a change in v 0 influences both v L as well as v 0 , the two conflicting components of the velocity field governing the mixing, v C . Fig. 6 shows the concentration profile inside the sharp-edge-based micromixer for different values of background flow inlet velocity: Fig. 6(e) shows the corresponding plot of normalized concentration along the channel width at y ¼ 4200 lm for these cases. At low values of the background flow inlet velocity, nearly perfect mixing is observed, even after the first pair of sharp-edges. However, as the background flow velocity increases and becomes significant in comparison with v L , the mixing performance starts to deteriorate. At very high values of background flow rates, the mixing performance suffers and incomplete mixing is observed even after four pairs of sharp-edges, necessitating larger mixing lengths or higher input power to achieve complete mixing.
E. Alternative designs
Having studied the effects of operational parameters on the mixing performance of the micromixer, we turn our attention to the effects of geometrical parameters on the mixing 
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Nama et al. performance of the micromixer. To this end, we investigate the mixing performance of two different designs of sharp-edge-based micromixer: (i) a sharp-edge-based micromixer where the sharp-edges on the opposite sidewalls have been placed directly opposite to each other and (ii) a sharp-edge-based micromixer with sharp-edge length greater than the half of the channel width such that the sharp-edge directly interacts with the incoming streams of both the fluids to be mixed.
Opposite edges
Here, we investigate the mixing performance of a sharp-edge-based micromixer with sharpedges placed directly opposite to each other. The rationale behind choosing this design is that the successive diverging and converging character of the flow might improve the mixing performance similarly to what is observed in a passive micromixer such as that reported by Hsieh and Huang.
58 Fig. 7(a) shows the concentration profile in the case of a sharp-edge-based micromixer with sharp-edges placed directly opposite to each other. Fig. 7(b) shows the plot of normalized concentration profile along the width of the channel at three different locations: position 1 at y ¼ 3000 lm, position 2 at y ¼ 3300 lm, and position 3 at y ¼ 4200 lm along with the corresponding concentration profile at y ¼ 4200 lm for the "normal design," by which we mean that in Fig. 1(b) . It can be seen that there is no significant mixing at position 1, but at position 2, where the fluid is trapped in the vortices, incomplete mixing is observed. Slightly better mixing is observed near the outlet of the channel. However, the mixing performance of the new design is much inferior compared to the normal design. This can be attributed to the fact that the two opposing sharp-edges suppress the acoustic streaming flow by each other, resulting in poorer mixing as compared to the usual design employed thus far. The incoming fluid that is trapped into the vortices near the sharp-edges is partially mixed, but a stream of the fluid is convected past the sharp-edge totally unmixed. Thus, it is advisable to have a nonzero lateral separation between the sharp-edges for better mixing performance.
Larger edges
Next, we investigate the mixing performance of a sharp-edge based micromixer with larger sharp-edges such that both the incoming streams of the flow directly encounter the first sharpedge. This design was chosen since it is expected to be capable of perturbing both the incoming streams more efficiently to enhance the mixing performance. Fig. 8(a) shows the concentration profile in the case of a sharp-edge-based micromixer with sharp-edges larger than the half- width of the channel. Fig. 8(b) shows the plot of normalized concentration profile along the width of the channel at two different locations: position 1 after the first pair of sharp-edges at y ¼ 1800 lm, and position 2 at y ¼ 4200 lm along with the corresponding concentration profile from the normal design (as shown in Fig. 1(b) ) at y ¼ 4200 lm. It can be seen that the fluid is almost completely mixed even after the first pair of sharp-edges and the final mixing Fig. 1(b) ), indicating that the performance of "normal design" sharp-edge-based micromixer is significantly better than the sharp-edge-based micromixer with the sharp-edges placed opposite to each other. Fig. 1(b) ), indicating that the performance of sharp-edge-based micromixer with larger sharp-edges is significantly better than the "normal design" of the sharp-edge-based micromixer.
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Nama et al. performance at position 2 is significantly better than the mixing performance of the normal design (as shown in Fig. 1(b) ) at y ¼ 4200 lm. Thus, a sharp-edge-based micromixer with larger sharp-edges is expected to achieve better mixing. However, this statement must be qualified by the practical consideration that it might be difficult to oscillate a larger sharp-edge due to larger mass.
F. Generation of concentration gradient
Next, as an application of our numerical model, we investigate the concentration profile inside a microfluidic channel where the sharp-edges are placed inside the channel in a linear fashion as shown in Fig. 9(a) . The inlet of two fluids is chosen as non-symmetric such that the fluid is increasingly mixed upon encountering successive sharp-edges, resulting in a concentration gradient along the channel width. Fig. 9(a) shows the resulting concentration profile inside the microfluidic channel, while Fig. 9(b) shows the plot of the normalized concentration profile along the width of the channel at y ¼ 7200 lm for different values of background flow inlet velocity: (a) v in ¼ 400 lm=s, (b) v in ¼ 500 lm=s, (c) v in ¼ 600 lm=s, and (d) v in ¼ 700 lm=s, for a constant value of d 0 . It can be seen that the slope of the concentration gradient can be tuned by tuning the background flow inlet velocity since a smaller background flow velocity results in a more homogeneous mixing of the fluid, thereby producing a concentration gradient with lower slope. Since the background flow velocity and the input power are the two conflicting parameters governing the mixing inside the channel, a similar tuning of the concentration profile can also be achieved by tuning the input power. In principle, different types of concentration gradients can be achieved by considering different spatial arrangements of the sharp-edges inside the microchannel. This concept has been recently utilized by Huang et al. 29 to achieve a stable, spatiotemporally controllable gradient which can be useful in studying the dynamics of the cellular response to chemical microenvironments such as quantification of ovarian cancer markers. 
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In conclusion, we presented a numerical model to investigate acoustic mixing inside a sharp-edge-based micromixer using the GLM theory in conjunction with the convectiondiffusion equation. As opposed to the existing models of sharp-edge devices which investigate only the flow patterns in these devices, our model offers the capability to investigate mixing phenomena. Moreover, our model offers significant improvements over the existing models in that it accounts for the presence of a background flow, while simultaneously investigating the full fluidic domain, thereby precluding the requirement of employing either periodic boundary conditions or the perfectly matched layers. The results from our numerical model are found to be in good agreement with the experimental results. We employed our model to study the effect of applied input power and the background flow velocity on the mixing performance of a sharp-edge-based micromixer. We also investigated different designs of sharp-edge-based micromixer, where larger sharp-edges were found to be helpful in improving the performance of the sharp-edge-based micromixer. Finally, as an application of our numerical model, we investigated the generation of a concentration gradient by considering a linear arrangement of the sharp-edges inside the microchannel. We believe that our upgraded numerical model, apart from being helpful in optimizing the design and the operation of the sharp-edge-based micromixer, can also be useful for the analysis of acoustic streaming in the case of a moving fluid.
